Abstract. The character of quantum corrections to the gravitational action of a conformally invariant field theory for a self-interacting scalar field on a manifold with boundary is considered at third loop-order in the perturbative expansion of the zeropoint function. Diagramatic evaluations and higher loop-order renormalisation can be best accomplished on a Riemannian manifold of constant curvature accommodating a boundary of constant extrinsic curvature. The associated spherical formulation for diagramatic evaluations reveals a non-trivial effect which the topology of the manifold has on the vacuum processes and which ultimately dissociates the dynamical behaviour of the quantised field from its behaviour in the absence of a boundary. The first surface divergence is evaluated and the necessity for simultaneous renormalisation of volume and surface divergences is shown.
I. Introduction
The development of Euclidean Quantum Gravity has emphasised the importance of any investigation relevant to the dynamical behaviour of quantised matter fields on a manifold with boundary by revealing the latter's physical significance in the quantum cosmological context of semiclassical tunnelling. Specifically, instanton-related considerations in quantum and inflationary cosmology lend particular importance to the issue of radiative contributions to a semiclassical tunnelling geometry of constant curvature effected by quantised matter. The presence of a boundary drastically alters the dynamical behaviour of the quantum field. In addition to the contributions which any divergence stemming from vacuum effects at any loop-order receives from the Riemann curvature of the background geometry the same divergence receives contributions from the extrinsic curvature of the boundary. This effect which has been studied at one-loop order through heat kernel techniques [1] will be shown in this project to be relevant to any loop-order. Its occurrence is exemplary of the potential effect which the topology of a manifold has on the short distance dynamical behaviour of the quantum field defined on it.
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Any evaluation of higher loop-order vacuum effects generated on the dynamical behaviour of quantised matter on a manifold with boundary necessitates diagramatic techniques. Diagramatic evaluations and higher loop-order renormalisation can be best accomplished on a Riemannian manifold of constant curvature accommodating a boundary of constant extrinsic curvature. The advantage of working on a Euclidean n-dimensional spherical cap C n stems from its underlying symmetry which allows for the exploitation of the method of images, thereby allowing for the exploitation of the emerging spherical symmetry in the evaluation of radiative effects. In the physically important case of a massless scalar field conformally coupled to the background geometry of C n with the Dirichlet condition specified on the boundary ∂C n such an approach has resulted in an exact expression for the massless propagator [2] [3] . This, in turn, allows for the development of the diagramatic techniques necessary for the evaluation of higher loop-order radiative contributions to the associated effective action for a self-interacting conformal scalar field at n = 4. A prerequisite for such an evaluation is a spherical formulation of the Feynman rules on C n . Such a formulation has been advanced in the context of the method of images by exploiting the association of the dynamical behaviour of the conformal scalar field on C n to that of the same field on the Euclidean n-sphere S n [3] . Consequent upon such a formulation was, in addition, a confirmation of the results obtained in [2] to the effect that, at any loop-order, no independent renormalisation is necessary. The volume-related terms in the semiclassical action receive infinite contributions from vacuum effects simultaneously with the boundary-related terms. In this respect, the stated spherical formulation confirmed, in addition, the potential for non-trivial radiative generation of surface counterterms in the effective action.
The assessment of the stated boundary-related and vacuum effects will be pursued, in what follows, by exploiting the results obtained in [3] in order to evaluate the zeropoint function at third loop-order (second order in the self-coupling) for a self-interacting massless scalar field conformally coupled to the background geometry of C 4 . Such an evaluation will also constitute the incipient point of a renormalisation program to the same order. From the outset, all divergences in the gravitational action generated by scalar loops on a four dimensional manifold are, on dimensional grounds, expected to be proportional to the cosmological constant Λ, to the Ricci scalar R, to R 2 , and to the Ricci and Riemann tensor-related contractions R µν R µν and R αβγδ R αβγδ respectively. Suitable linear combinations of these terms are also possible [4] . If a boundary is present additional divergent contributions involving the extrinsic curvature K of that boundary are expected [2] . The advantage of evaluating such gravitational divergences on a manifold of constant curvature is that the concommitant spherical formulation of the theory determines each Green function as an exact function of the constant Ricci scalar R [5] . This result has both formal and perturbative significance. Effectively, only volume-related counterterms proportional to Λ, R, R 2 and RK 2 are allowed on C 4 . This is the case because, perturbatively, the only source of volume divergences are terms in the relevant expansions of the Green functions.
The effect which a boundary in space-time has on the dynamical behaviour of quantised matter can be best appreciated through a comparison with the same dynamical behaviour in the absence of a boundary. In the present case, such a comparison is facilitated by the fact that both C 4 and S 4 are manifolds of constant curvature. In what follows it will be shown that the divergences inherent in the zero-point function evaluated at threeloop level receive a non-trivial contribution from the boundary ∂C 4 which, effectively, dissociates the dynamical behaviour of the quantised scalar field on C 4 from that on S 4 . It is also worth noting in this respect, that since divergences in the evaluation of loop effects stem essentially from the coincidence of integration points in the relevant Feynman diagrams, the emergence of divergences proportional to K signifies a non-trivial effect which the topology of a bounded manifold has on the cut-off scale behaviour of the quantised matter fields. The announced simultaneous renormalisation of volume and surface terms will, also, become manifest in the context of the perturbative calculation pursued in this project. Moreover, the stated potential of the theory for non-trivial generation of surface counterterms in the effective action will be realised in the evaluation of the first surface divergence on a manifold with boundary.
II. The Zero Point Function
The unique conformally invariant scalar action on a n-dimensional Riemannian manifold of constant embedding radius a is [5] 
on the relevant embedded manifold. In the physically relevant case of n = 4 the selfcoupling is that of Φ 4 . Any n-dimensional Riemannian manifold of constant embedding radius a represents, through the usual rotation in imaginary time, the Euclidean version of the associated segment of de Sitter space. On any such manifold the Ricci scalar R admits the constant value [5] 
In conformity with the considerations hitherto outlined the Riemannian manifold relevant to (1) will be specified to be that of a spherical n-cap C n considered as a manifold of constant curvature embedded in a (n + 1)-dimensional Euclidean space and bounded by a (n − 1)-sphere of positive extrinsic curvature K (diverging normals). In effect, C n is characterised by spherical (n−1)-dimensional sections of constant Euclidean time τ . The Einstein-Hilbert action, being the gravitational component of the conformally invariant (semi)classical action, necessitates an additional term of the form ∂C KΦ 2 enforced by the presence of the boundary ∂C [2] . As a result, the Einstein-Hilbert action at n = 4 assumes the form
with dσ = a n dΩ n+1 being the element of surface area of the n-sphere embedded in n + 1 dimensions and with the three-dimensional boundary hypersurface on which the induced metric is h ij being characterised by an extrinsic curvature K ij = 1 2 (∇ i n j + ∇ j n i ) the trace of which is K = h ij K ij > 0. Although the surface term in (4) stems from a variational demand posed on S EH it is not purely geometrical. For that matter it is considered an additional sector to the scalar component of the action expressed in (1) . The action S[Φ] for the specified theory is the sum-total of all sectors in (1) and (4) . In addition to the cosmological constant and scalar curvature featured in S EH the semiclassical approach, which differentiates between the matter and gravitational degrees of freedom by quantising the former on a fixed geometrical background, is known to result in all possible volume divergences which are dimensionally consistent in the gravitational action. These higher-order corrections are effected by vacuum processes of the interacting field [8] . The immediate issue which the presence of a boundary raises perturbatively is the possibility of additional divergent contributions in the bare gravitational action featuring the extrinsic curvature K. In fact, such contributions to the two-point function -and, for that matter, to the bare scalar action -are expected past one-loop order [2] .
All Green functions of Φ 4 theory on C 4 are generated by the Euclidean functional integral
through functional differentiation at J = 0. This generating functional is the mathematical expression for the transition amplitude between vacuum states defined on C 4 [4] . The disconnected components of this generating functional in curved space-timesrepresented by the zero-point function -invariably have non-trivial contributions to that transition amplitude and, for that matter, to the effective action. This is, essentially, due to graviton contributions which the matter propagators receive from the semiclassical background geometry and which, for that matter, render a purely geometric character to any divergences inherent in the zero-point function. Although stemming from the dynamical behaviour of the matter fields these divergences result in the infinite redefinitions in the gravitational component of the semiclassical action.
Pursuant to the spherical formulation relevant to diagramatic evaluations on C n developed in [3] all calculations will be advanced in configuration space. The first two terms in the perturbative expansion of the zero-point function in powers of (loop expansion) are diagramatically represented by the graphs of fig.(1) .
The "bubble" diagrams in fig.(1a) and fig.(1b) account for the one-loop contribution to the zero-point function of the theory. Their simultaneous presence in any curved space-time is expected on the basis of general theoretical considerations [4] . They are characterised by the absence of interaction vertices and, on power counting grounds, are responsible for the simultaneous one-loop contributions to volume and boundary effective Einstein-Hilbert action on any manifold with boundary [11] . They have been shown 
which the bare self-coupling λ 0 admits in powers of the renormalised self-coupling λ [6] the multiplicative factor of (−λ 0 ) dictated by the Feynman rules for each of the two vertices of fig.(1c) amounts, at that three-loop order, to λ 2 [5] . In effect, the diagram in question featuring four internal propagators joining the vertices η and η ′ results in the following mathematical expression for the stated O(
3 )-term
with
The multiplicative factor of B n is the symmetry factor associated with the propagator D (n) c (η, η ′ ) for the conformal field Φ on C n which was shown to be [2] , [3]
with a B and a η ′ being the geodesic distances between the cap's pole and its boundary as well as between the former and point η ′ respectively. Replacing this expression in that for I c and expanding yields
All five terms in this double volume integral will have to be examined separately. Their evaluation necessitates the results obtained through a spherical formulation for the mathematical expressions of Feynman diagrams on C n [3] . In the ensuing calculations use will be made of the expressions
for the powers appearing in (10) . Moreover, in the context of the spherical formulation developed in [3] the orthonormality condition for the n-dimensional spherical harmonics defined on
is, necessarily, replaced on C n in terms of Gegenbauer polynomials C p m (cosθ) with their explicit dependence on the angles associated with the embedding (n + 1)-vector η
with θ 0 n being the angle associated with ∂C n , with
being the degrees of spherical harmonics defined on ∂C n , with
and with
n ) The first term in the integrand of (10) stems exclusively from the fundamental part of the propagator D (n) c (η, η ′ ) and is, for that matter, identical to the corresponding term which upon integration over the volume of S n yields the entire contribution to the zeropoint function at O(λ 2 ) on the Euclidean de Sitter space. As, in the present case, the integral is taken over a bounded manifold a comparison of this mathematical expression on S 4 and C 4 would be explicitly indicative of the mathematical origin of boundaryrelated contributions to divergences stemming from vacuum effects. The corresponding integral for the contribution to the zero-point function on S n , for that matter, is
which, in the context of (11), yields
whereupon, due to the orthonormality condition (13) and the fact that Y 0 0 relates to the embedding radius a and to the solid angle Ω n+1 for S n through [7] 
it further reduces to
where use has been made of (9) as well. It is evident that at n → 4 the pole contained in Γ(4 − 3n 2
) cancels against that in Γ(4 − n). Setting ǫ = 4 − n and using the standard expansion
for ǫ << 1 the final expression at n → 4 is
where use has been made of (3) and a multiplicative factor amounting to the volume of S n is implied.
The result expressed in (19) amounts to a finite contribution to the gravitational effective action on S 4 . It becomes evident, for that matter, that the zero-point function has no divergent contribution to the gravitational component of the action on S 4 to second order in the self-coupling [O(
3 )]. This result is consistent with [8] where, in fact, it was shown that on a general four-dimensional unbounded curved manifold vacuum effects due to a φ 4 self-interaction do not generate divergent contributions to the R 2 sector of the gravitational action before the fifth order in λ, provided that dimensional regularisation is used.
The same procedure applied on the same term integrated over the volume of C n results in the following expression for the first term in (10)
where, again, the double integral is to be tackled on the basis of (17)
on the understanding that the orthonormality condition (13) on S n is replaced by the condition (14) on C n . In this case, however, the constancy of Y 0 0 enforces a vanishing result on the intractable second term of (14a). Rather than deal with that term itself a faster expedient to this result is provided directly by the reduction formula [3] 
which is, itself, a condition for (14) and in whose context it becomes obvious that for Y 
so that the double integral over C n in (20) eventually becomes
In the context of (20), (22), (14c) and (8) the first term in (10) assumes the form
; N = 0 (23) whereupon setting ǫ = 4 − n and using (18) prior to taking ǫ → 0 renders the first term of (10) in the form
where use has, also, been made of the standard expressions for Γ functions of an integer argument m and of a complex argument z respectively Γ(m) = (m − 1)! ; zΓ(z) = Γ(z + 1)
The series of any power of C k N (x) over the degree N for a fixed order k has a radius of convergence between (−1, 1) [7] . For that matter, the series featured in (24), is convergent and the first term of (10) displays, as a consequence, a simple pole at n → 4.
The physical interpretation of (24) becomes obvious through the observation that the volume of the embedded S 4 relates to the solid angle Ω 5 through
which renders (24) exclusively in terms of volume integration over C 4
allowing for a multiplicative factor which depends exclusively on the volume of C 4 . Use of (3) then finally yields at n → 4
In sharp contrast with (19) this result reveals that volume integration over C n of the fourth power of the fundamental part of the propagator in (9) entails a pole at the limit of space-time dimensionality. The absence of any divergent contribution to the bare gravitational action on S 4 at the same loop-order reveals that the underlying source of the pole revealed at n → 4 is ∂C 4 , an effect which is mathematically reflected in the explicit presence of the boundary's extrinsic curvature K in (25). In [3] the case was made to the effect that the reduction of the complete orthonormality condition on S n expressed by (13) to the partial orthonormality condition on C n expressed by (14) is responsible for the contributions which any divergence on S 4 receives due to the presence of ∂C 4 . A comparison of the calculational context of (19) with that of (25) reveals indeed that, in the context of dimensional regularisation, the finite contribution to the effective action on S 4 emerges as a result of the pole cancellation relevant to the numerator-related Γ(
8−3n 2
) and the denominator-related Γ(N +
8−2n 2
) in (16). That cancellation, however, which essentially stems from (13) on S 4 is unattainable on C 4 where that orthonormality condition "breaks down" allowing, as a result, for an infinite number of N-dependent terms in addition to the cancellation-associated N = 0 term. Moreover, since the replacement of (13) by (14) responsible for that effect is, itself, a direct consequence of the presence of the boundary ∂C 4 it becomes evident that all boundary-related contributions to divergences already present on S 4 are, necessarily, effected by the volume integral which, in the context of the Feynman rules, stems from vertex integration in the configuration space of C 4 [3] .
The second, third and fourth term in (10) involve products of powers associated with both the fundamental and boundary part of the propagator in (9). They necessitate, for that matter, a simultaneous use of (11) and (12) on the understanding that at the dimensional limit n → 4 all divergences stem exclusively from (11), a fact which is ensured by the presence of the inverse of the upper limit N 0 related to the cut-off angular momentum for image propagation in the arguments of the Γ functions in (12) [3] . The simultaneous substitutions through (11) and (12) are expected to result in mathematical expressions which are substantially more involved than that of the, hitherto tackled, first term. These expressions necessarily relate to the residues of the resulting poles and to finite terms of the associated expansions and do not, for that matter, complicate the pole structure of the theory. In effect, a direct application of (11), (12) and (8) on the second term of (10) results in
Since each of the integrals over the product of spherical harmonics is directly expressed by (14) it is
with the condition N = N ′ and with
sinθ 1 Substituting that expression in (26) and taking the limit 4 − n = ǫ → 0 results in a simple pole contained in Γ(
which, in view of the double summation over the Kronecker symbol and the condition N = N ′ , amounts to
whereupon through use of
in the first and third term of the geometry-dependent multiplicative factor and
in the second term of that factor and through (3) for n = 4 the result for the second term in question is
The infinite series over N is obviously convergent and (28) manifests, as a result, a simple pole at the limit of space-time dimensionality.
The calculational procedure for the third, fourth and fifth term in (10) is identical to that for the second. The result for the third term is
whereas the fourth and, as expected, fifth term each yield a finite result. Allowing for finite contributions the entire contribution of the zero-point function to the bare gravitational action at third loop-order is the additive result of (25), (28) and (29). Using [7] Ω n = 2π
) the stated contribution is
with the condition N = N ′ and with n = 4 in all n-dependent quantities. III. Discussion As expected [2] , [3] radiative contributions on C 4 are substantially more involved than the corresponding contributions on S 4 . The complicated mathematical expression for the radiative contributions in question are the necessary consequence of both the presence of ∂C 4 and the much smaller symmetry underlying the geometry of C 4 . However, all ultra-violet divergences at third loop-order are expressed in terms of simple poles. The result expressed by (30) reveals the stated contribution of the zero-point function as the additive result of three ultra-violet divergent contributions associated with the generation of three distinct sectors in the bare and, through renormalisation, effective gravitational action. In addition to the generation of the volume divergence proportional to RK 2 there is also a volume divergence proportional to R 2 as well as a surface divergence proportional to RK. Since the one-loop contribution to the two point function, expressed by fig.(1a) and fig.(1b) , is finite in the context of dimensional regularisation the associated three sectors constitute quantum corrections to the Einsten-Hilbert action generated by vacuum effects of the self-interacting scalar field at loop-orders no smaller than the third. In the context of the comparison with S 4 the volume divergence proportional to RK 2 has been exposed as the exclusive result of the presence of the boundary and, for that matter, of the cummulative effect of reflection off the boundary of signals signifying propagation on S 4 . The presence of such a divergence in the theory is indicative of the contributions which any divergence arising from the coincidence of space-time points receives from the boundary on a general bounded manifold in addition to the contributions effected by the background geometry. With respect to the latter divergences proportional to the square of the Ricci scalar are expected on a general curved manifold [4] . However, the generation of that volume divergence on C 4 already at second order in the self-coupling λ contrasts, again, strongly with the result reported in [8] regarding the absence of any divergent contributions to the R 2 sector of the gravitational action on a general curved space-time without boundary before the fifth order in λ in the context of dimensional regularisation. The generation of a volume ultra-violet divergence substantially earlier in the perturbative expansion and, for that matter, at significantly lower energy scales is again a boundary-related effect. It becomes evident, for that matter, that the divergences inherent in the zero-point function evaluated at three-loop level receive non-trivial contributions from the boundary ∂C 4 which, effectively, dissociates the dynamical behaviour of the quantised scalar field on C 4 from that on S 4 . In the same respect the emergence of the additional surface term in the bare gravitational action as a result of the remaining surface RK-related ultra-violet divergence constitutes a purely quantum effect generated by vacuum processes in the volume of C 4 . As is the case with the RK 2 -related sector this is also a qualitatively new result effected at third loop-order by the presence of the boundary. The RK-related sector in the bare gravitational action signifies, in fact, the first surface counterterm generated by vacuum effects on a general manifold with boundary. The absence of surface counterterms on a general manifold with boundary has been reported at one-loop level [9] , [10] . However, the existence of such counterterms has been anticipated at higher loop-orders on theoretical grounds [2] and the potential for their generation has been confirmed in the context of the spherical formulation for diagramatic evaluations on a manifold with boundary [3] . The emergence of this new sector in the bare gravitational action confirms such expectations.
Two more mathematical features of the radiative contributions expressed by (30) deserve attention in their own merit. In addition to the emergence of boundary-related ultra-violet divergences the theory is characterised by the absence of infra-red divergences on C 4 . In light of (14) this result is, evidently, relevant to all orders [3] . Moreover, on the evidence of (30), all radiative contributions manifest an explicit dependence on the cut-off angular momentum for image propagation N ′ 0 . Such dependence is expected on a general compact bounded manifold and, necessarily, reflects the effect which the geodesic distance between points on the boundary has on the dynamical behaviour of the quantised fields.
The issue which arises as a consequence of the preceding considerations is the degree to which the results relevant to (30) can be further generalised on any curved bounded manifold. The merit of the spherical formulation which has eventuated in (30) is the expression of all Green functions of the theory in terms of the constant scalar curvature R, a result which has both formal and perturbative significance. In effect, the additional volume divergences -proportional to the Ricci and Riemann tensor-related contractions R µν R µν and R αβγδ R αβγδ respectively -which are expected on a general curved manifold are precluded on both S 4 and C 4 . However, the significance of divergences such as those contained in (30) is, as stated, general. Their presence in this theory in the context of the demand for dimensional consistency renders them relevant to a general curved bounded manifold. Consequently, the stated K-dependent sectors are formally expected in the bare action on any curved bounded manifold and their presence in this theory is indicative of the non-trivial effect which the topology of a general bounded manifold has on the cut-off scale behaviour of quantised matter.
Pursuant to the question of generality it is also worth mentioning that results in perturbative renormalisation relevant to a massless scalar field conformally coupled to the background geometry of C 4 at semi-classical level with a φ 4 self-interaction are of immediate importance to quantum cosmology in view of the description which the ground state of the cosmological wavefunction admits in terms of constant-curvature gravitational instantons in imaginary time. The results hitherto attained on C 4 up to third loop-order and the stated degree of generality which they, qualitatively, admit on any curved bounded manifold call into question the issue of renormalisation at that looporder. It is evident from (30) that the ultra-violet divergences inherent in the zero-point function necessitate, at that order, the simultaneous introduction of both volume and surface counterterms. This result indicates that, in conformity with theoretical expectation [2] , [3] , renormalisation in the volume and surface effective action is accomplished simultaneously. The task of renormalising the theory past one-loop level is rather arduous in view of the complicated associated expressions such as that in (30). However, work on these lines is in progress.
